An Introduction to the Geometry of Null Hypersurfaces in
General Relativity

Jingbo Wan

Abstract

These notes are based on a mini-course delivered at the 2026 Summer School on Geometry and
Analysis at the Institute of Geometry and Physics, University of Science and Technology of China
(Hefei). Their purpose is to provide an introduction to the differential geometry of null hypersurfaces
in general relativity, with an emphasis on the underlying geometric structures rather than the analytic
estimates. We follow chapter one and two of [1], and [2].

The topics include the double-null formalism, Ricci coefficients and null curvature components, the
null structure equations, the characteristic initial value problem, the description of the free character-
istic data through the conformal geometry of the sections, and the geometric mechanism underlying
Luk’s local existence theorem. Throughout, the goal is to present the geometric framework that forms
the foundation of modern mathematical relativity.
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We use Christodoulou’s double-null notation. The spacetime connection is V, the intrinsic connection of
Sy is Y, and D, D denote the projected Lie derivatives along L, L.

1.1 Optical functions and null vectorfields

Let (M, g) be a four-dimensional Lorentzian manifold. We use three normalizations of the same null
directions: L/, L’ are affine geodesic generators, ey, es are normalized by g(es,eq) = —2, and L, L are
adapted to the optical parameters u, u.

Definition 1.1 (Optical functions and null hypersurfaces). The functions u,u are optical functions if

Set

g ! (du,du) = 0, g ! (du, du) = 0.

Cy, = {u = const}, C,, = {u = const}, Suu = CuNC,.
The condition g~!(du, du) = 0 means that the normal covector du has null metric dual. Thus

g '(du) €eTC,, g '(du) eTC,,

because

du(g™" (du)) = g~ ' (du,du) =0,  du(g™"(du)) = g (du, du) = 0.

This is the basic distinction between spacelike and null hypersurfaces: for a null hypersurface, the normal
direction is also tangent. Hence C,, and C,, are foliated by null curves, called their null generators.



Definition 1.2 (Null generators). Define
L/ = _2g71(du)a L/ = _Qgil(dﬂ% _g(leél) = 2972'

Then define
€4 = QLI, €3 = QLI, L= Q€4, L = Q€3.

Thus
g(637 64) = _27 L= Q2Ll7 L = Q2LI~

Here L', ey, and L are three rescalings of the same null direction tangent to C,,. Similarly, L', es, and
L are three rescalings of the same null direction tangent to C,,.

Lemma 1.3 (Basic properties of the null generators). The fields L' and L' are null, tangent to Cu, C,y,
and affinely geodesic:
Vi L' =0, Vi L' =0.

Moreover,
Lu=0, Lu=1, Lu=1 Lu=0, g(L,L) = —20°%

Consequently L is tangent to Cy, L is tangent to C,,, and
L:Syu — Suutt, L:Suu— Suttu
Proof. The eikonal equations give
g(L',L') = 4g™ (du,du) =0,  g(L',L') = 4g™"(du,du) = 0,

and
L'u = —2g ' (du,du) = 0, L'u = —2g (du, du) = 0.

Thus L' € TC,, and L' € TC,. Also,
g\, L'V, L' = 2LV, 0\u = —2L""V 0, u
=4g""0,u V0, u = 20, (g””@,,u 3ﬁu) =0.
Hence VL' = 0. The same computation with u gives VL' = 0. Finally,
g(L',L') = 4g™ ' (du, du) = —2Q72,
SO
Multiplying by Q2,
and
g(L,L) = Q4g(L/’L/) = —20°.
The final statement follows from Lu =0, Lu =1, Lu =1, and Lu = 0. O]
Remark 1.4 (Geometric meaning). The three normalizations serve different purposes:
e L' L' are the affine geodesic generators:

Vi L =0, Vi L' =0.

e ¢4, e3 are the normalized null frame:
gles,eq) = —2.

This is the frame used to define Ricci coefficients and curvature components.



e [, L are adapted to the optical parameters:

Thus L carries S t0 Sy utt, while L carries Sy, 4 t0 Sytt,u-

Remark 1.5 (Riemannian comparison). For a Riemannian hypersurface the normal direction is transverse.
For a null hypersurface the normal direction is tangent. Thus C, and C,, have degenerate induced metrics,
and the Riemannian geometry is carried by Sy, .

1.2 S, ,-geometry

Definition 1.6 (S-tensorfields and intrinsic operations). An S-tensorfield is tangent to Sy, in all its
entries. The induced metric, connection, Gauss curvature, and area form are

g=¢g
For a function f, an S-one-form £, and a symmetric S-two-tensor 6, set
(df)a=ealf),  divé=g¢"PVan,  allé = PV A,

tr = ¢*P0 4, 161> = g ¢”P0ap0cp,

S V=V, K = K(¢), ¢ = area form of ¢.

and

(W®§)AB = WA&B + WBQ-A - (dXVé)gAB-
Lemma 1.7 (Projection and trace-free symmetrization). For S-vectorfields X,Y,
VxY =(VxY)'.

Moreover,

tr(Y&®¢) = 0.
Proof. For any S-vectorfield Z,
Xg(Y,Z) = Xg(Y,Z) =g(VxY,Z) + g(Y,Vx Z)
=J(VxY)", 2) +4(Y.(Vx2)").

Thus (VxY)" is the Levi-Civita connection of ¢. Also,

G (YEE) ap = 2divE — (dive)g* Py, , = 0.

Definition 1.8 (Projected Lie derivatives). For an S-tensorfield 6,

DO=(L£r0)", DO=(Lrh)".

For functions,
Df=Lf,  Df=Lf

Lemma 1.9 (Commutation with ). For any function f,

DAf =dDf, ~ Ddf=dDf.



Proof. If X is tangent to S, ,, then
[L, X|u = L(Xu) — X(Lu) =0, [L, X|u=L(Xu) — X(Lu) = 0.
Thus [L, X] is again tangent to S, ,. Hence

(DAf)(X) = L((4f)(X)) = (df)([L, X]) = L(X f) — [L, X]f
= X(Lf) = (ADf)(X).

The D-identity is identical. O

Remark 1.10 (Transported S-vectors). When deriving propagation equations, one extends X,Y € T,,S,, ,
along the L-generator by
[L, X] =0, [L,Y] =0.

Then X,Y remain tangent to the moving sections S, ,,, and differentiating 0(X,Y") along L produces no
commutator terms. The same convention is used along L.

1.3 Null second fundamental forms
Definition 1.11 (Null second fundamental forms). Define
xaB =8(Vaes,ep), X,z =8(Vaes, ep).
Lemma 1.12 (Basic properties of x, x). The tensors x, x are symmetric, and
Le, g = 2x, Leyg = 2x.

Consequently,
Dg = 2Qy, Dg = 2Qx.

Proof. Since ey4 is normal to C,

XAB — XBA = g(VA€4, 613) - g(VB€4,€A)
= —g(es,Vaep — Vpea) = —gles,[ea,ep]) = 0.

The proof for x is the same. Also,

(Lesg)ap = eag(ea,ep) — g(lea, eal,ep) — glea, [es, ep])

=g(Vaes,ep) +glea, Vpes) = 2xap.

The es-formula is identical. Since L = Qey, L = Qes, and es3,e4 are normal to S, ,, the formulas for
Dg, Dg follow. O

Lemma 1.13 (Area variation).

ea(dpg) = (trx)dpg,  es(dpg) = (trx)dpg.

Thus
D(dpg) = Q(trx)dpg, — D(dpg) = Qtrx)dpuy.
Proof.
dig) = SgAB (L dug = (try)d
ea(dpg) = 2 (Leyg) apdpg = (trx)dpy.
The es-identity is identical, and the D, D-identities follow from L = Qey, L = Qes. O



Definition 1.14 (Expansion and shear). Write

—_

X=X+ gmg x= X+ 5 (g

The traces try, try are the null expansions, and ¥, X are the null shears.

Remark 1.15 (Area and conformal geometry). The expansions measure the change of area. The shears
measure the change of conformal geometry. Indeed, write ¢ = r? ¢, with ¢ normalized by a fixed determi-

nant condition. Then N
Le,g = 2eq(logr)g + r2£e4g,

Le,g = 2e3(logr)g + TQ,C@S/g\.
Since Eej and Ee?j are trace-free,
N S RN
tI‘X = 264(10g7”), X = §T £e4ga

and

1 ~
try = 2e3(logr), X §r2£€3g.

Thus try, try control the scale of ¢, while X, X control the conformal class of ¢.

Remark 1.16 (Riemannian comparison). A Riemannian hypersurface has one second fundamental form.
The spacelike surface S, ,, has two null second fundamental forms, one in each null normal direction.

1.4 Torsion forms and lapse coefficients

We write
VA:veA7 V4=V64, V?):veg-

Definition 1.17 (Torsion forms and lapse coefficients). Define
1
CA = ég(VAe4,€3)7

1 1
na = §g(Vse4,eA) = —§g(V3eA7e4),

1 1
Ny = §g(v4€3,€A) = —gg(vzxemes),

and 1 1
W = _Zg(v4e3ae4)a W= _Zg(v3€4’63).

Remark 1.18 (Dictionary with Christodoulou’s lapse notation). Christodoulou defines the lapse deriva-
tives by
wene = Dlog 2, Wene = Dlog Q.

With the present connection-coefficient convention,
Dlog Q) = —2Quw, Dlog Q) = —2Qw.

Equivalently,

1 1.._
w=—50 won,  w=-59 "wep

Lemma 1.19 (Torsion identities).

1
ig(vAe3,e4) = _CA7 n= <+ legQ, n= _C + legQ



Proof. Since eag(es,eq) =0,

1 1
§g(VA€3764) = —58(63,VA64) =—(a.

Using
ey = QL , es = QL Vi L' =0, VL =0,

and the symmetry of VL', VL', we get

1 Q Q
na = 5g(Vg€4,6A) = §g(V3L/,6A) = §g(VAL/,€3),
1 Q
Ca= §g(VA(QL/),e?)) = —ea(logQ) + Eg(VAL/,€3)~
Thus
na = Ca + ea(log Q).
Similarly,
1 Q / Q /
n,= 5g(V463,eA) = §g(V4L ,eq) = §g(VAL,e4),
1 Q
_CA = ig(vA(QL/)’ 64) = —eA(log Q) + Eg(VAL/;84)~
Therefore

n, = —Ca+ea(logQ).

Lemma 1.20 (Non-affinity).
Vaieq = —2wey, Vse3 = —2wes.

Equivalently,
VLL = —4Quw L, VLL = —4QQL

Proof. Since eq = QL', e3 =QL', and V. L' =V L' =0,
Vyes = eq(log N)ey, Vses = es(log Q)es.

On the other hand,
0 = esg(es, eq) = g(Vaes, eq) + gles, Vaey),

and hence
g(Vaies, eq) = 2e4(log Q).
Therefore 1 1
w= —Zg(V463,e4) = —564(1og ),
SO

Vyeqs = eq(logN)es = —2wey.

The w-identity is identical:
V3€3 = —2@63.

Since L = Qey,
ViL = Vae,(Qes) = Qey(Q)ey + Q?V ey

= 0%es(log Ve — 2Q%wey = —4Q%wey = —4QwL.
The L-identity is the conjugate one.



1.5 Frame derivative formulas

Lemma 1.21 (Frame derivative formulas). The spacetime derivatives of the null frame are

Vaes = xaPep — Caeu, Vaes = XABeB + Caes,
1 1
Vaep =YVaep + SXABE3 + X e,
Vies = —2wey, Vses3 = —2wes,
Vye3 = 2wes + QQ#, Vsey = 2wey + 207,

Moreover, for S-vectors,
Viea = (Vaea)" +n €4, Vsea = (Vsea) " +naes.
Proof. For V gey,
g(Vaes,ep) = xaB, g(Vaey, e3) = 2Ca, g(Vaes,eq) =0.
Since g(es, e4) = —2, this gives
Vaes = xaPep — Caeu
Similarly,
g(Vaes,ep) = X, > g(Vaes, eq) = —2(a, g(Vaes, e3) =0,
and therefore
Vaes = XABeB + (aes3.

For V gep, the S-part is Y 4ep, while
g(Vaep,e4) = —xan, g8(Vaep,e3) = —x , -
Thus

1 1

Vaep = Vaep + SXABEs + 5X 4 pla-

The formulas for V4 ey and Vses are the non-affinity identities. For V es, the S-part is fixed by

g(V4€3,6A) = QQA'

Also
g(V4€3,64) = —4w, g(V4€3, 63) =0.
Hence
Vyes = 2wes + QQ#.
Similarly,
Vses = 2wey + 277#.
Finally,

8(Viea, e3) = —g(ea, Vaes) = =21, g(Viea,eq) =0,
so the normal part of Viey is n ,e4. Likewise,
g(Vsea,eq) = —glea, Vieq) = —2n4, g(Vsea,e3) =0,
so the normal part of Vzey is naes.
Lemma 1.22 (Torsion and non-integrability). With L = Qey and L = Qes,
[L, L] = —4Q%C*.

Equivalently,
L, L] = 40°C*.



Proof. Using L = Qey, L = Qes,
[L,L]=V.L—-VLL
= Qey(Q)es + 0%V4eq — Qes(N)eg — 0%Vsey
=02 (es(log Q)es + 2wes + 2g#
—e3(logN)es — 2wey — 277#).

Since
64(10g Q) = —20.), 63(10g Q) = _2g7

the es, e4-terms cancel and
L, L] = 20%(n" — ™).

Using
n=C_C+dlogQ,  n=-C+dlogQ,

we obtain
(L. L) = —402C*.

1.6 Canonical coordinates

Fix a section Sy,,u,- The canonical coordinates are constructed as follows.
1. Fix the initial bifurcate sphere and the two initial null hypersurfaces

Suo ,go ) Cuo b Q

U

where

Cuo = {’LL = u(]}v Qﬂo = {Q = ﬂo}; Suo,go = C’uo OQEO’

2. Choose local angular coordinates

(', 9%)
on Sug u, -
3. Extend 94 first along C,,, by the outgoing null flow:
L") =0 on Cy,.

Thus on Cy,,
L =0,

4. Extend 94 from C,, to the spacetime region by the incoming null flow:
L(v*) = 0.

Since
Lu=1, Lu=0, Ly*=0,

one has
L=20,.



5. Define the angular shift b by
Since

one has
L =20, +b%a.

The normalization on the initial outgoing hypersurface gives

vt =0 on Cy,.

6. Set
04 = dv — bAdu
Then
04(L) = dv*(L) — b du(L) = b* — b =0,
6*(L) = d9*(L) — b du(L) = 0,
and
04(0p) = 05.

7. Since

d? = 04 + b du,

the change from
du, du, dvt, dv?

to
du, du, 6, 62

is triangular with determinant 1. Hence
du, du, 6, 62
is a coframe.

8. In the dual frame
L=0y+b"a,  L=0,,  0Oa,

the metric satisfies

g(L,L) =0, g(L,L) =0, g(L,04) =g(L,04) =0,

g(LaL) = —292’ g(aA,aB) = gAB'

Therefore
g = —20%(du ® du + du @ du) +gABt9A ® 65,

that is,
g = —20%(du ® du + du @ du) + ¢ , (0" — b du) © (d” — b du).

9. The coordinate variables are

Q, b=0"a,  g=4g, 0" W".

10



10. The shift is determined by the torsion:
L, L) = —402CH,

Since
(L, L) = [0y + 0204, 0,] = —(ub™)0 4,

one obtains
dubt =40°¢t, be,, =0.
Remark 1.23 (Shift and torsion). The shift b records the non-commutativity of the two null flows. Indeed,
[L, L] = [0y + 204, 0u]) = —(Dub™)0a.

Together with
[Lvé] = _4Q2C#a

this gives
Db = 4Q%¢A.

Thus the u-variation of the angular shift is governed by the torsion.

1.7 Curvature convention and Weyl components
We use Christodoulou’s curvature convention
Rm(W,Z,X,Y) :=g(W,VxVyZ ~ VyVxZ ~ Vixy|Z).
Thus
Rm(W,Z,X,Y) =g(W,R(X,Y)Z).

In dimension 4,

1 . . . .
Rmoe,B'yzS = Wa[i'yzS + 5 (ga'lecﬁé =+ g,B(SRICoz'y - gaéRICB'y - g[ﬁ'lecazS)
R
- E (ga'ygﬁé - goasgﬁ’Y)'

With respect to the normalized null frame

g(es, eq) = =2,
define
oaB = W a4pa, asp = Waaps,
1 1
= —W 441 = —Wys
Ba=5Wasss, B, = 5Wasu,
1
p = ~Wsyzy, o= *%ABWAB34~
4 4
Hence

W 434 = 204, Wassa =206 ,, Waysy = 4p, Wupss =20 ¢, 5.
Lemma 1.24 (Algebraic identities for Weyl components).
QAB = QBA, dap = Qpa; ﬂABOéAB =0, gABQAB =0.

Moreover,
Waups = —p§ 5 — ¢ 45

Consequently, W is encoded by

P

) 57 p7 07 57

11



Proof. The identities for «, « follow from the pair symmetry and trace-freeness of W. For W 4453,

0= guyw,u4u3
1

1
= ¢"PW aup3 — §W3443 - §W4433

= gABWA4B:», + 2p.

Thus
9P W aaps = —2p.

The algebraic Bianchi identity gives
W aaps + Wapsa + Wazap = 0.

Since
W a3i = Wypaz = —Wpaas,

we get
W43 — Wpaaz = —Wupss = —20¢ , 5.

The symmetric trace-free part of W 44p3 vanishes by the algebraic Weyl identities in dimension 4. Hence

Waiss = —pf . — 0f -

The curvature decompositions used in the null structure equations are

Rmyy34 = 264 + Ricss,  Rmyzsy =205, — Ricaq,

and ) ' .
§¢AB¢CDRHIABCD =—p+ itrsRic — 6R.
Indeed,
1 . . . .
Rm s34 = Wagsa + 5 (gasRicss + gaaRicas — gasRicys — gazRicay)
R
% (gA3g44 - gA4g43)
= W 434 + Rica4 = 284 + Ricyy,
and .
RmA334 = WA334 + 5 (gAgRiC34 + g34RiCA3 — gA4Ri033 — gggRiCA4)
R
% (gA3g34 - gA4g33)
= W 334 — Ricas = 2§A — Ricsa.
Finally,

1 1
3 ¢AB fc'CD Rmypep = 3 #AB ¢CDWABCD

1 . . . .

+ 1¢AB¢CD (gAcRICBD +gppRicac — ¢, Ricpe - gBCRICAD)
R 4B ,cp
12 ¢ (gACgBD - gADgBC)

1 1
= —p+ 5trsRic — (R.

Remark 1.25. In vacuum,
Rm=W.

In a general spacetime, the null structure equations contain the additional Ricci curvature terms obtained
from the above decomposition of Rm into W, Ric, R.

12



1.8 Examples
Example 1.26 (Minkowski spacetime). Let

g = —dt’ + dr* + r’ye

on R'*3 . and set

Then
t:U‘FH, r=u-—1u,
and
g = —4ddudu+ r’ys.
Thus
QZI, L/=€4:L:8t+87«:8£,
and

L'=e3=L=0,—0,=0,.

The sections

Su,u
are the round spheres of radius
r=u—u,
with induced metric
g = ’I“Q’}/S2.
Since
es(r) =1, es(r) = —1,
we get
1
XAB:;gABa try = —,
and
1 2
KAB**;gAB’ trK**;‘
Hence
x =0, x=0
Moreover,

The curvature vanishes:

The Gauss equation becomes

as expected for the round sphere of radius r.

13



Example 1.27 (Schwarzschild exterior). Let

oM oM\
g:—(l—r> dt2+(1_7’> d’l"2+7"2’}/s2

on the exterior region r > 2M. Set

2M dr,

Ti=1-"— =1
r’ dr ’
and define ) )
u:§(tfr*), gzi(tqtr*).
Then
l=u+u, Ty =U—U,
and
g = —4AY dudu + r’~s:.
Thus
2=, L =9y, L =0y,
while
L = 9*28@ Ll = 972811‘7
and
€4 = Qilal, €3 = Qilau.
Since
Oyr = 02, Oyr = —02,
we have
eq(r) = 9, es(r) = —Q
Therefore
2Q
XAB:?gABv tTX—*a
and
. Q 20
Xap = 7 9ap  UXT T
Again

x=0,  x=0,

because the sections are round spheres. Also

C:()v 7]:03 ﬂ:()

The lapse coefficients are

M M
64(10gQ):762797 eg(logQ):fTQ—Q,
hence
M M
2r2Q) DTEToN
The only nonzero Weyl component is the Coulomb component
_2M
=-—
Indeed, since
1 2 2Q) .
K:—z’ try = —, try = ——, X =x=0,
r = r =



the vacuum Gauss equation gives
1 120 2Q 02
—_— = _—— — 771 = _p _|_ .

Thus

For M = 0, this reduces to the Minkowski example.

1.9 Model comparison: Cauchy and characteristic data for the wave equation

We use the scalar wave equation on Minkowski spacetime as a model for the difference between the
spacelike Cauchy formulation and the double-null characteristic formulation. In rectangular coordinates,

3
g=—dt*+) (dz')?,  Tgo=0,
=1

that is,

3
—07p+ > 079 =0.
i=1

1.9.1 Cauchy problem: second-order form

Let
Yo ={t=0}.

The Cauchy problem treats the wave equation as a second-order evolution equation in the transverse
variable t:

3
0= 0.
i=1
Thus the initial data are

?ls, = o, Odly, = 01.

The first datum is the restriction of the field to ¥y. The second datum is the transverse derivative.

This is the scalar model for the 3 + 1 Cauchy formulation of the Einstein equations: one prescribes
geometric data on a spacelike hypersurface together with one transverse time derivative, subject to
constraints.

1.9.2 Characteristic problem: first-order system for second derivatives

Now introduce double-null coordinates

1
uzi(t—r), gzﬁ(t—I—r), T=u—u.

Then
g = —4ddudu+ r’ys.

In the double-null notation,
Q=1, L =D =0y, L=D =0, g:r2’y§2.
The wave equation becomes

DD+ (D6~ Do) + Ay6 = 0.

15



Thus i
DD¢ = divde + ;(D<z> —D¢).

This should be viewed as the scalar analogue of a null structure equation: it determines the mixed second
derivative from the tangential second derivatives and lower-order terms.
The analogue of the curvature variables is the package of second derivatives

D%y, Dd¢, Y’¢, Dd¢, D¢

The wave equation gives a first-order double-null system for this package. Along C,, the transverse
second derivatives are transported by

D(Dd¢)=¢l<d1vd¢+ (Do D<z>>)

" D(D*¢) = (dfvd¢+ (D¢ — D¢))

Along C,,, the conjugate transverse second derivatives are transported by

D(Dd6) = d (aivdo+ L(Do - D).
and

D(%6) = D (dtvdo-+ 106~ Do),
The angular part is governed by the intrinsic identities

D(Y?¢) = Y*(D¢) + lower-order terms, D(Y’¢) = Y*(D¢) + lower-order terms.

Thus the characteristic formulation is not naturally a second-order evolution equation for ¢. It is naturally
a first-order system for the null and angular second derivatives of ¢, with the wave equation providing
the mixed component DDa.
Let
Cuo = {u =uo}, ng ={u =1}, Sug.uy = Cug NC.

Ug *

The characteristic data in second-order scalar form are simply

¢|C'u.0 = ¢+v ¢|Q = ¢*7

Lo

with the corner compatibility condition

Dt [Sug iy = P Sug,ug -

On C,,, the tangential derivatives

Do, dé, D%, Do, Yo

are determined by ¢4. The missing transverse derivatives
D¢,  Dd¢, D

are not freely prescribed along C,,; they are obtained from the corner values supplied by ¢_ and then
transported along C,,, by the above equations.
Similarly, on C the tangential derivatives

D¢, d¢, D?6, Ddo, Y6

are determined by ¢_. The missing transverse derivatives
Do, Do, D*¢

are obtained from the corner values supplied by ¢, and then transported along ng
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Remark 1.28. The comparison is:
Cauchy problem <= second-order evolution in a spacelike time direction,
whereas
characteristic problem <= first-order transport system for null curvature quantities.

For the scalar wave equation, the curvature quantities are the second derivatives of ¢. For the Einstein
equations, the corresponding quantities are the null curvature components

Q, /Ba Py g, 57 «,

and the first-order characteristic system is the null Bianchi system.

2 The null structure equations
We state the null structure equations without imposing Ric = 0. Write
Ric,, = Ric(ey,e,), R=trgRic,  trgRic = g*PRicyp.

The curvature decomposition is

1 . . . .
Rmaﬁ'yé = Waﬁ'yé + 5 (ga'yRICBE + ngsRlCa'y - gaéRlcﬁ'y - gﬁ'leCaé)

R
~ 7 (801885 — BasBpy) -
For symmetric S-two-tensors 6, ¢’ set
(0 x0)ap =04005,  (0,0) =040 "F,  OA0 = ¢2P0,°0.
2.1 Raychaudhuri equations and focusing

Proposition 2.1 (Raychaudhuri equations). The null second fundamental forms satisfy
Q.
Dy = —2Quwx + Qx x x — Qo — §R1C44g,

and Q
Dx=-2Qwx +Qx x x —Qa-— §RiC33g.

Taking traces gives

Q
Dtry = —5(trx)2 — Q|)Z|2 — 2Qw try — QRicyy,

and a
Dtry = fi(trz)z — Q|x* — 2Qw try — QRic3s.

Proof. Extend X,Y € T,S, , along the L-generator by
[L,X]=[L,Y]=0.
Then, using Christodoulou’s convention

Rm(W,Z, X,Y)=g(W,R(X,Y)Z),
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we compute
Dx(X,Y)=Lg(VxeysY)

=g(ViVxes,Y) +g(Vxes, VLY)
= g(VXVLe4, Y) =+ Rm(Y, eq, L, X) + g(VXe4, VyL)
=200 x(X, )+ Q(x x X)(X,Y) — ORm(X,e4,Y, e4).

Indeed,
VL€4 = QV4€4 = —29&)64,
SO
g(VxVies,Y)=—-20wx(X,Y).
Also,

VyL = Y(Q)64 + QVyey,

and therefore
g(Vxes,VyL) = Q(x x x)(X,Y).

Finally,
Rm(Y,eq, L, X) = QRm(Y, eq4,e4, X) = —QRm(X, e4,Y, €4),

by the pair symmetry and antisymmetry of Rm.
For the curvature term,

1 . . . .
Rmasps = Waaps + 5 <¢ apRicis + guuRicap — gasRicyp — g4BR1CA4)

R
% (gABg44 - gA4g4B)
1.
=aap + §R1C44g,43'
Thus 0
Dx = —2Quw x + Qx x x — Qo — §RiC44g.
The incoming computation is identical:
Dx(X,Y) =g(VLVxesY) +g(Vxes, VLY)

= g(VXVLQ:),, Y) + Rm(Y, es, L, X) + g(VX(Bg, VyL)

= 20w x(X,Y) + Q(x x x)(X,Y) — QRm(X, e3,Y, e3).
Since .

Rmsps = aqp + GRicssg
we get
Q
Dx = —2Qw x + Qx x x — Qa — §Ri033g.

Taking traces requires differentiating the inverse S-metric. Since

Dg = 2Qy, DgAB = 2048,

we have, for any S-two-tensor 6,
D(trf) = tr(D0O) — 2Q(x, 0).

Thus
Dtry = tr(Dy) — 2Q|x|*.

Using
tr(x x x) = x>,  tra=0, trg=2,
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we obtain
Dtry = —2Quw try + Q|x|? — QRicys — 2Q|x|?

= —20wtry — Q|x|? — QRicyy
0
= —5 (0% — QIF[* — 20w trx — QRicas.

Similarly,
QUX — tr(Qx) — ZQ|X|2,

and hence

Q
Dtrx = —E(tr)()2 — QIX|? — 29w try — QRics3.
O

Remark 2.2. These are the null analogues of the second variation equation for a hypersurface. The trace
equations have the same focusing term as the Jacobi operator:

—Ay — |A]? = Ric(v,v).
Indeed, in the outgoing null direction,
Dtry = —Q|x|* — 2Qw try — QRicyy,

or equivalently

Q
Dtry = —5(trx)2 — Q|f<|2 —2Qu try — QRicyy.

Thus the null analogue of |A]? + Ric(v, v) is

. 1 . .
|X|2 + Ricyy = §(trX)2 + |X‘2 + Ricyy.
Similarly,
. 1 . .
x> + Ricgs = 5(1&1@)2 + |x[* 4+ Ricss.

The Weyl components «, a enter the trace-free equations for the shears, but drop out of the trace equations
because
tra = tra = 0.

Definition 2.3 (Future trapped surface). A closed spacelike two-surface S is future trapped if, with
respect to its two future-directed affine null normals L’ and L/,

try’ <0, try’ <0 on S.
Theorem 2.4 (Focusing and Penrose mechanism). Assume null energy condition (NEC)
Ric(V,V) >0 for every null vector V.
Let L' be an affine future null generator orthogonal to S. If
try’(0) < 0,
then try’ blows up to —oo before affine time

2
[trx’ (0)]°

Thus a future trapped surface forces both future null congruences to focus in finite affine time. In Pen-
rose’s global setting, namely global hyperbolicity, a noncompact Cauchy hypersurface, the null convergence
condition, and a closed future trapped surface, the spacetime is future null geodesically incomplete.
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Proof. Since e4 = QL' and L' is affine,
D=L, x = Qx, try = Qtry/, Y =Qy, Ricy = Q°Ric(L/, L)),

and .
V464 = VQL/(QL/) = L/(Q)64 = —20.)64, w = —iLl(Q)

Substituting these identities into
Q 2 012 .
Dtry = 5 (trx) Q|X| 20w try — QRicyy,

gives
Q2L (Qry)) = —7(trx’)2 — B3P 4+ Q2L (Q)try’ — Q*Ric(L/, L))
= Q2L (Q)try’ + Q3L (try').

Canceling the common term and dividing by Q3,

1 . .
L'(trx') = —§(trxl)2 — IX')? = Ric(L/, L).

Thus, if Ric(V, V) > 0 for every null V,
/ / 1 2
L'(trx') < —§(trx ).
Let s be the affine parameter. If try’(0) < 0, then
d 1 L'(trx') _ 1 1 1 s

P —— > > .
ds try’ (try’)? — 2’ trx’(s) — trx’(0) *3

The right-hand side reaches 0 at s = 2/|trx’(0)|, hence trxy’ — —oo before this affine time.
For a future trapped surface, the same argument applies to both future affine null normals. Penrose’s
global argument then implies future null geodesic incompleteness. O

2.1.1 Causality notions for Penrose’s theorem
For p e M,
I't(p) := {q € M : there exists a future-directed timelike curve from p to ¢},

J1(p) := {q € M : there exists a future-directed causal curve from p to q}.

For A c M,
A= JI1'p), T4 = "W).
peEA pEA
The past sets I~ (p), J~(p), I~ (A), J (A) are defined similarly.
A set A C M is achronal if
IT(ANA=0.

A hypersurface 3 C M is a Cauchy hypersurface if every inextendible timelike curve intersects 3 exactly
once.

The spacetime (M, g) is globally hyperbolic if it admits a Cauchy hypersurface. A future-directed
null geodesic is future complete if its affine parameter can be extended to [0,+00). The spacetime is
future null geodesically incomplete if there exists a future-directed null geodesic with finite affine length.

The future horismos of a set A C M is

EY(A) = J*(A)\ I*(A) = 8JF(A).
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2.1.2 Penrose’s incompleteness theorem

Theorem 2.5 (Penrose incompleteness theorem). Let (M, g) be a globally hyperbolic spacetime. Assume:
Ric(V,V) >0 for every null vector V,

M contains a noncompact Cauchy hypersurface,

and
M contains a closed future trapped surface S.

Then (M, g) is future null geodesically incomplete.

Remark 2.6. Raychaudhuri gives the local focusing estimate. If L’ is an affine future null normal and
trx’(0) < 0, then

1 1
L(or') = =5 (6x)* = [¥* = Rie(L', ) < =5 (tx')?,

so try’ — —oo before affine time
2

[trx(0)]°
For a future trapped surface, the same holds for both future null congruences.

The global part of Penrose’s argument is causal: if all future null geodesics were complete, then
E*(S) = 0J"(S) would be generated by future null geodesics orthogonal to S without conjugate points
before leaving E*(S). The focusing estimate forces these generators to leave ET(S) in uniformly finite
affine time, hence E1(S) is compact. This contradicts global hyperbolicity together with the existence of
a noncompact Cauchy hypersurface. Therefore at least one future-directed null geodesic is incomplete.

2.2 Transversal equations

Proposition 2.7 (Mixed second variation equations). The transversal derivatives satisfy

1
D(Qx)ap = O {WAHB +Vpna+2nans + 5 (X X+ x X X)ap + pgAB}

. 1. R
+0? {RchB — §R1C34gAB — 3gAB} ,
and

1
D(Qx)ap = @* {VA% + Ve, +20,n, + §(X XX+ XXX)ap + PgAB}

) 1. R
+0? {RchB — 5R1034gAB - SgAB} ‘
Taking traces gives
2
D(Qtry) = Q* {2dfw7 + 201> + (x, x) + 2p + trgRic — Ricay — 3R} ’
2
Q(Qtrx) _ QQ {2divn + 2|Q|2 + (X7K) —+ 2p —+ trSRiC — Ric34 - 3R} .

Proof. Commuting the e4- and S-derivatives and using the frame formulas gives

1
D(Qx)ap = 2° {WATIB +Vpna+2nans + SO X+ x % x)AB}
Q2
-5 (Rmayps + Rmpaas) .
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The curvature component is
R =W 1 Ri Ri R
masp3 = Waans + 5 (gAB icy3 — 2 lCAB) t 3948
1., ) R
=—pf, gt oflapt+ §R1C34gAB — Ricap + ggAB-
Thus
1 . 1. R
§(RmA4B3 +Rmpya3) = —pg , , — Ricap + §R1C34gAB t3dan
Substitution gives the D(€Qx)-equation. The D(£2x)-equation is obtained by the same computation with
n replaced by 7. Contracting with gAB gives the trace equations. O

Remark 2.8. These are the mixed second variation equations. They describe how the second fundamental
form in one null direction changes along the other null direction. The terms involving 7, n come from the
normal connection.

2.3 Transport equations for the torsion one-forms

Proposition 2.9 (Transport equations for ¢,7,n). With
D=C”Lyg, D=Ly, L = Qey, L = Qes,

the normal connection one-form ( satisfies

Q_.
(D¢)a = —(dD1og Q) 4 —i—QXABnB —QBa — §R104A,

and 0
(DO)a = (dDlog Q) a — Qx ", — 9B, + 5 Ricsa.
Consequently,
(Dn)a — Qxa’np = —QBa — %RicM,
and

Q.
(Dn)a—Qx,°n, =08, — ERlch.
Proof. We prove the D-equation. Let X be tangent to S, , and Lie-transported by L:
[L, X] =0.

Since D = L, on S-one-forms,

(D) (X) = L(¢(X)).
Using

1

C(X) = ig(vX€4, 63)7

we compute

(DO(X) = Sealg(Vxer,eo)]

Q Q
= §g(V4VX€4, es) + Eg(vxez;, Vaes).

Because [L, X]| =0,
[e4, X] = (X log Q)es.

Thus
V4V xes =VxViaes + V[€47X]64 + R(64,X)e4.

22



With our connection-coefficient convention,
Vyey = —2wey, DlogQ = L(log ) = —2Quw.
Hence
Q Q
5g(VXV4e4,63) = Eg(vx(—Qw%), e3)
=20Xw — 2Qw((X),

and
Q Q
§g(V[e47xl€4,€3) = E(X log Q)g(Vaeq,e3) = 2QwX (log Q).

The remaining connection term is

(Vs Vies) = Sglu(X)* — ((X)es, ey + 20%)
= Qx(X, %) + 2Qw((X).

The w( terms cancel, and therefore

Q
(D¢)(X) = 20X w + 2QwX (log Q) + Qx (X, n?) + 5 Rmaxas.

Since
Dlog Q) = —20w,
we have
—X(Dlog) = 2QXw + 2QwX (log ).
Also,
n=-C+dlogQ,  n=C+dlog®,
SO

n+2(=n.

Using the frame identity
Ve = 2wes + QQ#,

the preceding computation is equivalently

(D¢)(X) = —(dD1og ) (X) + Qx(X,n?) — %Rmx434-

Thus
(D¢)a = —(dD1log Q) 4 + xa"n5 — %RmA434-
Using
Rm s34 = 284 + Ricya,
we obtain

Q.
(DC)A = —(leogQ)A + QXAB’I?B —Qpa — §R1C4A.

The D-equation is the conjugate computation. It gives

Q
(D) a = (dDlog Q)4 — Qx , 1, — 5 Rmuasss.

Since
Rm 334 = 28, — Ricsa,
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we get
Q..
(DC)a = (dD1ogQ) 4 _QXABQB —QﬁA + ERIC&A.

Finally, from
n=C+dlogQ,  n=-(+dlogQ,

and
Ddf =dDf,  DAf=4Df,
we obtain
Dn = D¢ + dDlogQ,
hence
B Q..
A=8xa" B —20a — = 4A-
(Dn)a = Qxa”np —QBa — S Ric
Therefore 0
na—xa"ne = —QB4 — - Ricya.
(Dn)a — Qxa® 264 SR
Similarly,
Dn=-D¢+ d Dlog,
SO ~
(Dn)a = Qx,Pn, + 08, — 5 Ricsa,
and hence

Q
B, .
(Dn)a — QXA Ng = QQA — §R103A.

2.4 Gauss—Codazzi—Ricci equations

Proposition 2.10 (Gauss—Codazzi—Ricci equations). The Gauss equation is

1 1 1 1
K=-p-— Z(trx)(trx) + 5()2,3) + itrSRic - ER'

The Codazzi equations are
; 1.
(divx)a — (dtrx) a + xa" (B — (trx)¢a = —Ba + yRica,

d
an . -
(divx)a — (dtrx)a — X, S+ (trx)Ca=8,+ §R1C3A-
The Ricci equation for the normal bundle is
1
clrl¢ = ix/\x— .
Consequently,
1 1
cy{rlnzix/\x—a, cu(rlg:—ix/\x—ko.

Proof. For X,Y €TS, ,, write

VxY =YY +1I(X,Y), II(X,Y) € NSy
For N € I'(NS,,4), define

VxN := (VxN)t, g(ANX,Y) = g(II(X,Y), N).
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With Christodoulou’s curvature convention
Rm(W,Z, X,Y) = g(W,R(X,Y)Z),
the standard Gauss—Codazzi—Ricci equations are

Rm®(W,Z,X,Y) =Rm(W, Z,X,Y)
+g(II(W, X),I(Z,Y)) — g(IL(W,Y),II(Z, X)),

(VxID(Y. Z) - (V¥ID)(X, 2) = (R(X,Y)Z)",

and
g(RY(X,Y)N,M) =Rm(N,M,X,Y) + g([An, Ax] X, Y).
Since
X(X,Y) =g(Vxes,Y), X(X,Y) =g(Vxes,Y),
we have

g(H]I(X7 Y)a 64) = _X(Xv Y)v g(]I]I(Xv Y)7 63) = _X(Xa Y)
Since g(es, e4) = —2,
1 1
]HI(X, Y) = §X(X7 Y)e?) + §X(X>Y)e4

Moreover,
Vies = —Caeu, Vies = Caes.
Gauss equation. For
1 1
lap = 5XaBes + 5X 564
we have )
g(llac,llpp) = —5 (xacxyp + XACXBD)a
and

1
g(llap,llpc) = —3 (XADKBC + XADXBC)-

Therefore the standard Gauss equation gives
Rm%pcp = Rmapep
1
= 5 (XacX 5 + X 40 XBD = XADX 5 = X4 pXBO)-

Equivalently,

Rmipep + %(XACXBD + XA0XBD = XADXpe ~ X, pXBC)
=Rmugpcep.
Since
Rmpop = K(fsc¥pp —Iapdse)
we have 1
Z¢AB¢CDRmiBCD =K.
Using

7

¢AB¢CD _ gACgBD _ gADgBC
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we compute

1 aB,cD
§¢ ’é (XACXBD + XAcXBD = XADXpeo — XADXBC)

(gACgBD - yADgBC) (XACXBD T X4cXBD ~ XADXpo — XADXBC)

(2(trx) (trx) — 2(x, X) — 2(x, ) + 2(trx) (trx))

N — 00| = 0ol =

(1) (1) — 506

Thus

1 1 1
K + g(trx)(trx) - i(X,X) = Z¢AB¢CDRH1ABCD~

The curvature decomposition gives

1 1 . 1
ZfAB;fCDRmABCD = —p+ -trgRic — =R.

2 6
Therefore
K=- —l(tr )(tr )+1( )+1tr Ric—lR
Using
A 1
06 x) = (% %) + 5 (to) (),
we obtain

1 1 1 1
K=-p— Z(UX)(UX) + 5()2,&) + itrsRic - ER'

Outgoing Codazzi equation. For X = ea,Y = ep,Z = ec, pair the standard Codazzi equation with ey.
Since

g(llpc,es) = —xBCH Vies = —Caey,
we have
g((Vill) (e, ec), ea) = YV 48([lpc, ea) — g([pc, Vies)
= —Yaxsc — Caxae-
g((VAID)(ep, ec), ea) = &(Vi(Ilpo), es) — g(I(Y 4ep, ec), ea) — g(l(ep, ¥ aec), €4)
= eag(llpc, es) — g(llpe, Vie)
—g(I(Y aep, ec), ea) — g(ll(es, Y sec), €4)
=Ya(g(lpc,es)) — glpc, Vies)
= —YV.axsc — g(llpc, —Caea)
= —Yaxsc + Cag(llpc, es)
= —Yaxsc — CaxBe.
Thus

— Yaxsc + Yexac — Caxse + (Bxac
= g(R(ea,ep)ec, ea).
By Christodoulou’s convention,
g(R(ea,eplec,es) = Rmycap = —Rmeyap.

Hence
Y axsc — Vexac = Rmcaap — Caxse + (eXac-
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Contracting A, C, we get
(divx)s — (dtrx) s = ¢*“Rmcaap — (*xe + Catrx.

Therefore
(divx)s — (dtrx) B + x5 Ca — (trx)¢ = ¢*“Rmcuap.

Now
1
AC AC AC . .
g°"Rmeaap = ¢ Weaap + ig (gCAR1C4B - gCBR1c4A)
1.
= ¢*“Weuap + §R104B~
In vacuum Christodoulou’s Codazzi equation gives

§*“Weaap = —Bs,

and hence in general
¢*“Rmeaap = —Bp + %Ricw-
Thus
(divx)s — (dtrx) s + xB"Ca — (trx)(p = —B + %Ricle-
By conjugation,

(divx)a — (dtrx)a — x, PCs + (1)Ca = B, + %Ric;m.

Ricci equation for the normal bundle. For X,Y € T'S, , and N,M € NS, ,, the standard Ricci equation

1S
g(RJ'(X, Y)N7 M) = Rm(M7 N, X, Y) + g([ANvAJW]Xa Y)a

where
Taking

X =eq, Y =eg, N = ey, M = e,
we get

g(Ripes, e3) = Rmayap + g([Ae,, Acslea, en).

By the pair symmetry of Rm,
Rmg3iap = Rmypsa.

We first compute the left-hand side. Using

Vies = —Caeu,
we have
Ripes = ViVpes— VEVies— Vi, . iea
= Vi(—(pes) — Vi(—Caes) = Vi, o164
= —ea((B)es — (8Vies +ep(Ca)ea + CaVEes — Vi, 164
= —ea((B)ea + Calpes +ep(Ca)es — Calpes + (([ea, ep])ea
= —(ea(¢n) —en(Ca) — (([ea,eB]))ea
= —(YValp — Vpla)es
Therefore

g(Rupges,e3) =2(Yalp — Ypla)
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Next,

Indeed,
g(A64X’ Y) = g(H]I(Xa Y)a 64) = *X(Xv Y)v

and similarly
g(Ace, X,Y) = —x(X,Y).

Thus
g([Ae4, A63]6A7 eB) = g(A€4A836A7 eB) - g(A€3A€4eAa eB)

= g(Ae, (—x,“ec) ) — 8(Aey (—xaec), e)
= —x,“8(Ac,e0,e8) + xa“g(Acse0, €B)
= —x,“(=xoB) + xa%(=x.p)
= XACXCB - XACKCB
Hence the Ricci equation gives

2(Y 4Cs — Y5Ca) = Rmuapss + x,“xoB — xa“Xp-

; 1 14AB
Contracting with 3¢~

a1 = ¢4 (F 4G — V)

= ifABRmABZM + i?AB (XACXCB - XACXCB)-
For the second fundamental form term,
¢ABXACXCB _ _¢ABXACXCB.
Therefore i ) )
1, “xes —xaxep) = — 5 P xaxep = —5x A X

The Ricci and scalar terms in Rm 4 p34 vanish after contraction by ;{AB, hence
1 4B 1 aB _
ny Rmypss = 17:' W apss = 0.

Thus

1
cfrl¢ = o — 5)(/\5.

Finally, since
n=C+dlogQ,  n=-(+dlogQ,  alldf =0,

we get
1

1
efrln = o — SXAX cyfrlﬂz —o+ 5

A Y.
2 XX

Remark 2.11. In vacuum, these become
1 1,. .
K = —p— 7 (trx)(trx) + 5 (% %),

divy —dtrx + x - ¢ — (trx)¢ = =B, divx —dtrx — x - ¢+ (trx)¢ = 8,
and !
el = 5)( Ax —o.
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2.5 The collected null structure system

The full system consists of the first variation equations

D(dpgy) = Qtrx)dpg,  D(dpg) = Qtrx)dug,

and the structure equations

Q
Dx = —2Quwx + Qx x x — Qa — §Ric44gv
Q
Dy = —2Qw x + Qx x x — Qa — ERic?,gg7
Q 2 D .
Dtry = —g(trx) — QI¥]* — 2Qw try — QRicyy,
Q 2 12 .
Dtry = —g(trx) — QIx|* — 2Qw try — QRicss,

1
D(Qx)ap = Q* {WATJB +Vpna+2nans + 5 (0 X X+ x X X)ap + pgAB}

1 R
2 . .
+Q {RICAB_2R1C34gAB_3gAB}7
2 ].
D(2x)ap = OV an, + Ven, + 20,0, + 50X X+ XX X)as+ 04,5
1 R
2 . .
+Q {RchB—2R1C34gAB—?)gAB}7
2
D(Qury) = Q2 {2d,1vn +29]* + (x, x) + 2p + trsRic — Riczy — 3R} ,

2
Q(Qtr)() _ QQ 2divﬂ + 2|Q|2 + (X7K) —+ 2,0 =+ trsRiC — RiC34 - 3R} ;

Q.
(DU)A - QXABnB = *QBA — 5R1C4A’
D Qx . Pn. =0 QR'

(fﬂ)Af X4 Np = ﬁAig 1C3 4.
C‘/{ﬂn:?(/\x—@ Cliﬂﬁz—ix/\x+a, cyfrl(:§x/\x_g,
K=~ —l(tr )(tr )+1(A A)+1tr Ric — R
=—p 1 X)(trx 2X,X o s s

(divx)a — (dtrx)a +xaB¢Cs — (trx)Ca = —Ba — %RicM,

(x4 — (firx) 4 — X, %o + (1)a = 6, — gRicoa.
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2.6 Derived transport equations
The following equations are consequences of the basic torsion transport equations, the lapse identities
DlogQ = —2Quw, DlogQ = —2Qw,

and the Ricci identities for the null frame. We set

1 1. 1
PRm = ZRm3434 =p+ §RIC34 + ER'

Corollary 2.12 (Derived torsion transports). The torsion one-forms satisfy

Q..
(Dn)a — Qxanp = —QBa — §R1C4A,

Q.
(Dn)a = Qx,,"ny = 08, — SRicsa,
and

Q.
(DU)A = _4(d(QUJ))A - QXAB"?B + QﬁA + 5R1C4A7

Q..
(Dn)a = =4(d(Qw))a = 2x,"n,, = QB , + 5 Ricya.

Proof. The transport equations for { are

(D) a = 2(d(Qw))a + xaPnp — QBs — %Ricm,

(D¢)a = —2(d(Qw))a — Qx ,"n, — 98, + %Ric;m.

Since
n=_+dlogQ,  n=—-(+dlog,
and
Ddf =dDf,  DAf =dDf,
we have

Dn = D¢+ dDlogQ = D¢ — 24(Qw),
Dn=-D¢+ dDlog Q = —D¢ — 2d(Qw),

and similarly
Dn = —D¢ +d Dlog Q= —D¢ — 2d(Qw),

Dn = D¢+ dDlogQ = D¢ — 24(Qw).
Substituting the two equations for D( and D( gives the four displayed identities.

Corollary 2.13 (Derived lapse equations). Set
1R + 1R' + 1R
m = -Rm = ~Ric ~R.
PR. 1 3434 = P 9 34T 6

Then the mized lapse transports are

1 1
D = (2= (01) + 510 = Gorm )

and

1 1
Dw =29 (2ww— (n,m) + §\QIQ - QPRm) :
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The same-direction derivatives are only the identities

1 1
Dw = 20w? — —D?logQ Dw = 2Qw? — —D?log Q.
w w 2Q og i, W W’ 297 og

Thus Dw and Dw are not curvature-controlled structure equations unless one imposes an additional
equation for the second derivatives of the lapse.

Proof. We first derive the sum of Dw and Dw. By definition,

1
W = _Zg(v3e47 63)7

SO

Q
Dw = —qe [9(Vseaq, e3)]

Q
=7 {9(VaV3ey, e3) + g(Vzes, Vaes)}.

Using the curvature convention
R(eq,e3)es = V4Vzey — V3Vies — Vi, oy €4,

we write
V4Vseq = V3Vyes + V[e4,63]64 + R(eq, e3)eq.

The frame formulas are
Vaies = —2wey, Vseq = 2wey + 217#,

Ve3 = 2wes + 29#, lea, e3] = 2(n — n)# 4 2wes — 2wey.
We compute the three pieces. First,
9(V3Vaeq, e3) = g(V3(—2wes), e3)

= —2e3(w)g(es, e3) — 2wg(V3zeq, e3)
= dez(w) + 8ww.

Second,
g(v[e4,eg]e4v 63) = g(VQ(an)#nLQwenggeél €4, 63)

= 4¢(n" — ™) — 8ww — 8ww
= —2|n — n|* — 16ww.

Here we used

Third,
g(R(es,e3)es,e3) = Rmyzss = Rmsysy = 4pRm-

Finally,
9(Vseq, Vaes) = g(2wey + 207 2wes + 2Q#)

= —8ww + 4(n, n).

Substituting these four identities gives
Q 2
Dw=-— [4es(w) — 16ww — 2|1 — n|” + 4prm + 4(n, 1)

0
= —Dw + 4w + S = 1" = Lorm — A1, 1)-
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Since
In—n> = >+ n|* = 2(n,n),

we obtain the sum identity

1 1
Dw + Dw = Q (4ww — PRm + §|77|2 + §\ﬂ|2 - 2(?7717)) :

Next we derive the difference identity from the scalar commutator applied to log 2. Since

[Lvé] = _4924#7
we have
D(Dlog Q) — D(Dlog Q) = [L, L] log 2
= —402(¢, d1og Q).
Using

1 1
¢=5m—n) dlogQ = 5 +m),

this becomes
D(Dlog ) — D(Dlog Q) = —Q*(In|* — |n|?).

On the other hand,
Dlog Q) = —20w, Dlog Q) = —20w.

Hence
D(Dlog Q) — D(Dlog Q) = D(~20w) — D(—20w)

=-2DOw —2QDw + 2D w + 2QDw.

Since
DO = —20%w, DO = —20%w,

the quadratic terms cancel, and we get
D(DlogQ) — D(Dlog Q) = —2Q(Dw — Dw).

Therefore 0
Dw — Dw = - (|nf* = |nl*)

Combining the sum and difference identities gives

1
Dgzi[(DngDw)Jr(Dwaw)]
=0 (20w~ (n,1) + P - 3
= ww —\1,Mn 277 2PRm )
and 1
szi[(DerDw)—(Dg—Qw)]
1, 1
= (20w — (m,0) + 50" = S PRm | -

Finally, the same-direction identities follow only by differentiating the lapse relations. From
DlogQ = —2Quw,
we get
D?log Q = —2DQw — 2QDw = 49%w? — 2QDw,
and hence

1
Dw = 2Qw? — — D?1og Q.
W w 20 og

The identity for Dw is identical.
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Remark 2.14. The same-direction equations Dw, Dw are the lapse propagation equations. The mixed
equations Dw, Dw are obtained by combining the scalar commutator for log{) with the e4,e3,eq,e3
curvature identity.

3 Characteristic initial data

We describe the characteristic data for the vacuum Einstein equations on two intersecting null hypersur-
faces
Cug U nga SO = OUO ﬂ Qﬂo'

The outgoing hypersurface C,,, is foliated by
Su=Cy,NC,,

and the incoming hypersurface QHO is foliated by

Su=CunC,, .
3.1 Initial double-null gauge
On C,,, let L' be the affine generator:
Vi L'=0.
Choose u on C,,, by
L'u=1,  uls, =u.
On QHO, let L' be the affine generator:
VL =0
Choose u on ng by
Lu=1,  uls, =uo.

The optical functions u, u near the initial hypersurfaces are then obtained by solving
g ' (du,du) =0, g~ (du,du) =0.

With
L = Qey, L = Qes,

the affine normalizations give

Q=1 on C,,UC,, .
U

Hence, on C,,,
L=1, ey =1, D=1, w =0,

and, on Qﬂo’
L=1"L, es =L, D=L, w=0.

Since 2 = 1 on the initial hypersurfaces, its angular derivative vanishes there. Thus
n =, n=-C on Cy UC,, .
Choose angular coordinates ¥4 on Sy. On C\,, transport them by
Lyt =0.
On ng’ transport them by

LA = 0.
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In the double-null coordinates
L=20,, L =0, +b%a,

the first transport condition gives
v =0 on Cy,.

There is no incoming shift in the convention L = d,,. The shift away from C,,, is determined by

dubt =49°¢t, ble, =0

3.2 Geometric quantities on the initial hypersurfaces

On each section Sy, 4, let

J§=8
be the induced metric. On C,,,, the null direction e4 is tangent to the hypersurface, while es is transverse.
Thus V4 is an intrinsic transport direction on C,,,, but V3 is not. Conversely, on ng, e3 is tangent and
ey4 is transverse.

On C,, the outgoing second fundamental form is

Su,u

xAB = g(Vaey, ep).

Since ey is tangent to C,,
Dg = 2x.
Thus x is determined by the variation of ¢ along C,,. By contrast,

X,p = 8(Vaes,ep)
is a transverse second fundamental form on C,,. It is defined after choosing the transverse null normal

e3, but it is not obtained by differentiating ¢ along C',. Its components

try, X

are reconstructed from the constraint equations along C,,, .
Similarly, on Qyo’ the incoming second fundamental form is

Xap = 8(Vaes, ep).
Since e3 is tangent to ng,
Dg = 2x.
Thus x is determined by the variation of ¢ along Qﬂo‘ By contrast,
xap = g(Vaes, ep)

is transverse on Q%’ and its components
trx;, X

are reconstructed from the conjugate constraint equations.
The normal connection one-form is

1
Ca= §g(VA64,63)~

It is defined on both initial hypersurfaces once the pair of null normals (e3, e4) has been fixed. Therefore,
on Cy,, the transverse quantities to reconstruct are

C7 trx» X?
whereas on Q%, they are

¢ trx, X

The characteristic constraints are precisely the transport equations which recover these transverse quan-
tities from their values on the corner Sj.
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3.3 Constraint equations on the initial hypersurfaces

The constraints on C,,, are the null structure equations involving only D-derivatives, angular derivatives
on S, and quantities defined on Cy,. In the initial gauge, they reduce to

Dg =2y,

1 .
Dtry = —§(tr><)2 — %1%,

D¢ + (trx)¢ = divy — dtrx,
Dtry + (trx)(trx) = 2(—K — div¢ + [¢[?),

and 1 - ~ 1
DX = (% X)g — 5 (tr)x = =V&( + (B¢ — 5 ()%
Here
(Y&C) aB = Yaln + V5ia — (Av()g , s
and

((B0)ap = CaCs — 51C10 1

The constraints on QEO are the conjugate hierarchy. Since interchanging e4 and ez sends

1
C = ig(vAe47 63) to - Ca
one obtains
Dg = 2x,
1 N
Dtry = —§(trx)2 — |X|2’

D¢ + (trx)¢ = —divy + dtry,
Dtrx + (try)(try) = 2(—K + div¢ + [¢[?),

and 1 1
D~ (%, X)g — 5 ()% = VB + B¢ — 5 (0

3.4 Scale, conformal data, and shear

The intrinsic free data on each initial null hypersurface is the conformal class of the induced metrics on
the sections.
On Cy,, identify the sections S,, with Sy by the transported angular coordinates. Write

) = LWy, (W), dpg ) =dug,,

where
go = g|50'
Then D¢ 1
— + v = —¢2 7
try =2 oy XAB = 2¢+D(g+)AB-
If

1. . 1~ACc~BD _ ~ -~
e+ =5lkly =34, 4, D@, )asD, )ep,

then Raychaudhuri is equivalent to
D¢y + ey =0.
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Similarly, on Qg(ﬂ identify the sections .S,, with Sy and write

g(u) = o> (U)ﬁ, (u), d:u@(u) = dug, -

Then Do . ~
trx =2 Xap= 302D(g )an,
and
D¢ +e_¢_ =0,
where

e = 5I3 = 53"9"" DG _)anDF Jop.

Thus the shear data may be prescribed either as the fixed-area conformal metric curves

or equivalently as
X on Cy,, x onC

~ug*

The two descriptions are equivalent after solving the Raychaudhuri equations for the scale factors ¢ and
o_.
3.5 Free data and reconstruction

In the gauge above, the free characteristic data consist of the following.

1. The corner metric
9 on Sjy.

2. Two fixed-area conformal metric curves

satisfying

and

3. The corner transverse data

The scale factors are determined by

1
D*¢y +er¢y =0, P+lse =1 Doyls, = 5 (trx)o,
and
D*¢_+e¢_=0, ¢_|s, =1, Dé_|s, = ;(trx)o.
Thus the initial scale derivatives are not extra data; they are the corner expansions.

Theorem 3.1 (Reconstruction from double characteristic data). Assume the scale factors ¢4 and ¢—
solving the two equations above remain positive. Then the characteristic constraints uniquely determine
the connection coefficients on

Cuy UC,,

which enter the initial constraint system.
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Proof. On C,, the conformal curve g N and the scale ¢4 determine

~ D 1 —~
j= 23, =2 ;iﬁ $an = 563D, )an.

Hence x is known. Starting from the corner values

Q(lgji)AB |So’

DO =

Cls, = <o, trx|s, = (trx)o, Xlso =
one solves successively
D¢ + (trx)¢ = divy — dtrx,
Dtry + (trx)(trx) = 2(—K — div¢ + [¢[*),
and

DY~ (1.0 — £ (trx)% = ~YEC + (B~ 3 ()%

Each equation is an ODE along the generators of C,,.
On C, , the conformal curve ¢ and the scale ¢_ determine

~ Do 1 ~
g = ¢2—g77 tI'X: 2%7 XAB = §¢Z—Q(g7)AB

Hence x is known. Starting from
. 1.~
Clsy = Cos trx|s, = (trx)o, Xls, = §D(g+)AB|SO,

one solves successively
D¢ + (try)¢ = —divx + dtry,

Dtry + (try)(try) = 2(—K + div¢ + [¢[?),

and
N NN 1 . ~ ~ 1 .
DX = (%:X)g — 5(tr) % = VEC+ (B¢ = S (trx)X-
Thus the initial connection coefficients are reconstructed on both initial null hypersurfaces. O

Remark 3.2 (Functional degrees of freedom). The main free data are the two fixed-area conformal metric
curves

J.w. (.

A metric on a two-dimensional section has three components, and fixing the area form removes one.
Thus each curve carries two scalar functions on the corresponding null hypersurface. These are the two
radiative degrees of freedom of the gravitational field.

The remaining free data

gm CO? (tI‘X)(), (trX)O

live only on the corner Sy. They fix the initial metric, normal connection, and two initial expansions.
They are lower-dimensional corner data, not additional radiative data along the null hypersurfaces.

37



3.6 Curvature induced on the initial hypersurfaces

After the connection coefficients are reconstructed, the curvature components on C,,, are recovered from
the null structure equations:
a=—Dx — (trx)X,

B = —divy + dtrx — x - ¢ + (trx)¢,
1 1.
p=—-K— Z(trx)(trx) + §(X,x)7

and

1
o= 5)(/\&—0,&1(.

The remaining curvature components on C,,, are obtained from the Bianchi equations along C,,.
Similarly, on Qﬁo, the structure equations recover

a=—Dx — (trx)Xx,
B= diVK - dtrx — X - ¢+ (trx)C,
1 1, .
p=—K - (trx)(trx) + 5 (% %),

and

1
o= 5)(/\&—0;{1‘1(.

The remaining curvature components on Quo are obtained from the Bianchi equations along Quo‘

4 Bianchi equations
We use the curvature convention
Rm(X,Y,Z,W) =g(VxVyZ - VyVxZ - Vixy|Z,W).
In vacuum, the Weyl tensor satisfies the contracted Bianchi equation
V*W 345 = 0.
Relative to the normalized null frame (e3,e4,€4), with
gles,eq) = =2,

we use 1
aap = Wadpa, Ba = §WA434,

1 1
p= ZW3434’ o= Z¢ABWAB347

1
B,= Wasss,  aap = Wasss.

We write schematically
W e{a,B,p,0,8,a}, T e{xx,nn(ww}

For an S-tensorfield ¥, set
W4\I’ = (V€4\I/>T’ WS\II = (v€3\I])T'
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4.1 Maxwell form and the Bel-Robinson tensor

The invariant Maxwell form of the Bianchi equations is the divergence equation for the Weyl field:
divWw =0, (divW)gys = VW agys.
This is the spin 2 analogue of the source-free Maxwell equation
V*Fap =0, V¥ Fop =0.
The associated stress-energy tensor is the Bel-Robinson tensor
Q[W]aﬁ'yé = WaquWﬁMJV + *Waﬂw*wﬁﬂzsl/'

In vacuum,

V2 QIW]as = 0.
Thus, for vectorfields X, Y, Z, the Bel-Robinson current

P.[W; XY, Z]) = Q[Wlagy s X Y Z°

satisfies
VeP,[W;X,Y, 2] =QW]- Xr.Y. 2+ QW] - X -Mr.z
+QW]- X .Y .,
where
X = Lxg

is the deformation tensor. Hence if XY, Z are Killing, the current is divergence-free.
The null components of QW] are positive quadratic expressions in the Weyl components:

Qaaaa ~ |af?, Q3141 ~ |B%, Q3310 ~ p° + 07,

Q3331 ~ |87, Q3333 ~ |,

This is the Christodoulou—Klainerman energy mechanism: the invariant equation div W = 0 produces
divergence identities for Q[W], and the null decomposition of Q[W] gives coercive fluxes for

a, Ba P, 0, é7 o.

4.2 Hodge packages on S, ,

The null decomposition of div W = 0 gives a chain of first-order equations on the sections S, ,. The
angular principal operators are the standard Hodge operators on Sy, 4.
Set

50 = C°(S) ® C*(9), 51 = QY(S), 59 = {symmetric trace-free S-two-tensors}.

We use
(—p,0) € 59 for the B-pair,
and
(p, o) € 50 for the B-pair.
Define
dl 151 — 50, d1£ = (d/i/V§7 Cll{rlé-)7
and

dy : s0 — s1, di(f.q) = —df +*dg,
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where
dive =V¢a,  altle = ¢APY s, (“dg)a = ¢,5V 5.
Thus
&\ (~p,o) =dp+*do,  di(p,0) = ~dp+*{o.

For symmetric trace-free two-tensors,
B
dy : 55 — 51, (d20)a = V" 0B,

and

s sn (an =~ (Vaba+ Vo — (@), ;).
On a closed section S, 4,

[ 00 diy = [ (€ 3(19)) g

and

[ 0.6y = [ (0.456) an
Sketch of proof. For d;, integrate by parts on the closed surface S:

/S<¢f1f, (f.9)) dpg = /s (f viea +9¢ABY7A§B) dpig
= —/S <§AY7Af + £B¢ABWA9) dpig
= /SfA (=YVaf+¢,°Y59) dpg
= [t ditr) g

Here we used
V¢ =0

and the absence of boundary terms.
For d5, since 6 is symmetric trace-free,

[ 0.0y = [ 49 005 duy
—/S@ABVBEA dpg

- /S 07 (Y 465 + V) dig

2
1

=5 /SHAB (WAﬁB +Vpéa — (divg)gAE;’) dpg
J0436) du.

The insertion of
—(divE)g AB

does not change the integral because
AB _
g Oap = 0.

Thus di and d; are the formal L?(S)-adjoints of d; and d,, respectively.
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4.3 Schematic null Bianchi system
The Weyl components form the Hodge chain
a+— B (—p,0) ¢+ B— a.

Proposition 4.1 (Principal null Bianchi system). Suppressing all lower-order Ricci-coefficient terms
into I' - W, the vacuum Bianchi equations imply

Vsa+dyf=T-W, ViB —dya =T -W,
V3 —di(~p,0) =T - W, Vi(-p,0)+d5=T"W,
YiB+di(p,0) =T W, Vs(p,0)—dif=T"W,
Yia+dyf =T W, V3B —doa =T -W.
In particular, the middle scalar equations are

W4p = d/i/V/B +I- W7 W4U = _C]/ﬁ'I/B +I- W7

and
Vip=divB+T W, Vio=cirl3+T - W.

Proof. The contracted Bianchi equation is
VoW 345 = 0.

Since )
gl =—gles@estes®es) + g s ®ep,

its principal part is
1 1 A
*§V4W35~y5 - §V3W4g75 +V Wagys =T -W.

All derivatives of the frame, of ¢, and of ¢ are absorbed into I' - W.
For the end pair (o, 8), the symmetric trace-free angular projection gives

Y@a—i—d;ﬁzf-“ﬂ

and the one-form projection gives
Vif —doa =T -W.

Indeed the angular derivative of 8 contributes through the trace-free symmetrized gradient d;ﬁ, while
the angular derivative of a contributes through the divergence doa. Exchanging 3 and 4 gives

V4Q+d;ﬁzr'wa Wgﬁ—dQQZF'W-
It remains to record the middle signs. Using
Wagzs =284, Wazza=28,,  Waaza=4p,  Wupsy=20¢ 5,
the outgoing scalar projections give
YVip=divB+T - W, Y0 = —crlf+T - W.

Therefore
Vi(=p,o)+di8=T-W,

because

d15 = (d/{Vﬂv cyfrlﬂ).
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The companion one-form projection gives
V3B —dp—*do=T-W.

Since
di(=p,0) = dp+*do,
this is
V36 — di(‘ﬂy o)=T-W.

Similarly, the incoming scalar projections give

W3p:d,ilvé+1"~W, Wga:c¢r1§+]f‘-w7

WB(pa U) - dlé =I-W.

The companion one-form projection gives

YiB—dp+ do=T-W.

Since
dy(p,0) = —dp +*do,
this is
V4ﬁ+¢ﬁ(f0a0) =I'-W.
Combining the end pairs and middle pairs gives the stated Hodge chain. O

4.4 Component pairing and hidden divergence structure

The Hodge-chain form of the Bianchi equations yields a component-level energy identity. This is not the
invariant Bel-Robinson identity itself; rather, it is the null-component version of the same cancellation
mechanism.

Lemma 4.2 (Hodge cancellation). Let
d:sip1— s, A" : s — 5i+1
be either (d1,d7) or (ds,dy). Then there is a bilinear S-vectorfield P(W1, Ws) such that
2(AW 1, W) — 2(W, " W) = divP(W1, Wy).

In particular, on a closed section S,
/ (<¢ZW17W2> - <W1,d*w2>) dpg = 0.
S

Proof. This is the pointwise form of the formal adjointness of the Hodge operators. For example, for d;,
<d1€7 (fv g)> - <€a d:(fvg»

= fVAfA + g ¢ PV Al — EM=VAf + ¢.2Y59)
— Y (fea) + Valgt Pe).

Thus it is an S-divergence. The do-identity is the same integration-by-parts identity for divergence and
trace-free symmetrized gradient. O
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Proposition 4.3 (Divergence identity for one Bianchi pair). Let s = +1. Suppose
VWi +sd Wy =T-W, YV, Wy —sdW; =T-W.
Then
divg (|W1|%e3 + [Wa|?es) = sdivP(W1, W2) + T - W - W.
The same statement holds with es and ey interchanged.
Proof. The principal part is
2(Y3W1, W1) + 2(V, W, W)
= —25(d"W5, W1) + 25(dW, W,) + T - W - W
=sdivP(W,Wy) +T - W - W.
The terms coming from differentiating es, e4, the S-metric, and the volume form are lower order and are
absorbed into I' - W - W. O
Applying this to the four adjacent Bianchi pairs gives the schematic currents
lafes + [BPes,  [B%es + (p* +0%)ea,
BIea+ (0> +0%)es,  |al’es + |B|%es.

4.5 Integrated component energy identity

Let
Du17u2;g17g2 ={u1 Su<uy, uy <u<Lu,t.

Integrating the component divergence identity over Dy, u,u, u, gives, for each adjacent Bianchi pair,

future null fluxes = initial null fluxes + / I' W-W.
D

wp,UiUY U

The angular principal terms do not contribute because S, ,, is closed:
/ diVP(Wl, W2> dﬂg =0.
Suu

Remark 4.4 (Comparison with the Bel-Robinson method). The component pairing above is the modern
null-decomposed way to see the same cancellation that is invariantly encoded by the Bel-Robinson tensor.
The Christodoulou—Klainerman method uses the geometric current

Pa[w; Xv Yv Z] = Q[W]a[ﬁ'yJX'BY’YZ(Sv

and integrates its spacetime divergence. The component method instead pairs adjacent null Bianchi
equations and uses the formal adjointness of the Hodge operators on S, ,. The former is invariant and
multiplier-based; the latter is componentwise and displays explicitly where the angular derivatives cancel.
Both express the same underlying fact: the Bianchi equations have a hidden divergence structure, and
the curvature fluxes are positive quadratic forms in

Q, ﬂ7 P 0, ﬁv Q.

5 Schematic mechanism of Luk’s proof

Set
[ = {trx, X, trx, X, ¢, m, 1, w, W}, W = {a,3,p,0,53,a}.
Luk’s theorem is a small-time theorem for large finite characteristic data. The data are not assumed

small. The small parameter is the width of the spacetime slab 0 < w < €, while the long direction
0 < u < I is fixed by the initial data.

43



5.1 Schematic statement of the theorem

Theorem 5.1 (Luk’s local existence theorem, schematic form). Let Cy and C, be two intersecting null
hypersurfaces with So o = Co N Cyy. Assume that regular characteristic initial data are prescribed on the
iniatial null hypersurfaces and that the null constraint equations hold there. Let T denote the size of the
initial data in the relevant reqularity norms. Then there exists € = €(Z) > 0 such that the vacuum Einstein
equations admit a unique solution, in the double-null gauge, in the slab

0<u<e, 0<u<lI.

Moreover,
O(u,u) + R(u,u) < C(2)

throughout this slab, where O denotes the Ricci-coefficient norm and R denotes the curvature-flux norm.

Remark 5.2. Rendall’s theorem gives a smooth solution in a small neighborhood of the corner Sy . This
is used only to start the continuation argument. Luk’s estimates then propagate the solution along the
long initial direction and give a uniform slab 0 < u < €(Z), 0 <u < I.

5.2 Schematic norms

We use simplified schematic norms, keeping only the structure needed to explain the proof. All angular
derivatives and precise LP-levels are suppressed. For

Dyy={0<v <u, 0<u <u},
set

O(u,u) := sup |T|.

w,u

For curvature, set

R(u,u)? := sup /c o) (Ja> + 181> + p* + o + [B]?)
u! 0,u

0<u’<u

+ sup / ( )(IBI2+p2+02+\§|2+\gl2)-
QH/ 0,u

0<u/<u

The size of the initial data is denoted schematically by
7 := Oinit + Rinit-

The precise norms in Luk’s theorem contain angular derivatives and several LP(.S,, ,,)-levels. The simplified
notation here is only meant to display the mechanism of the proof.

5.3 Main schematic equations

The proof uses the null structure equations
VYV, =W4+T-T, YL =W+T-T,
and the Bianchi equations
VsWi+d Wy =T W,  V,W,—dW; =T W.

The Bianchi pairs are

(0676), (67(_p70))7 ((pﬂ0)7é)’ (ﬁ>g)
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5.4 Transport estimates for Ricci coefficients
The favorable Ricci coefficient equations are the short-direction transport equations

V,L =W +T.T.

Integrating along an es-generator gives
I'(u,u) =T(0,u) + / (W+T-T) (v, u)du.
0
Thus, under the bootstrap assumption O < M,
D) < [00) + [ Wl w ' + [ PP
0 0
u 1/2
<ol + e ([T WPGwar) e
0

The factor €'/? comes from Cauchy’s inequality in the short u-direction, and the term eM? is made
harmless by choosing € after M has been fixed.
The coefficients n and w are exceptional. Their useful equations are in the long direction:

Yin=W+T-T, Viw=W+T-T.

Since the wu-length is I, integration in u gives no small factor. The key point is the absence of bad
quadratic terms. Schematically, ¥ 47 contains no

n-n, nw, wzv

and, after n has been controlled, ¥, w contains no uncontrolled w? term. Thus these long-direction
equations are effectively linear once the good coefficients have been estimated.
Together with elliptic estimates on S, ., the Ricci coefficient estimates give

O(u,u) < C(T) + Ce**R(u,u) + CeM?.

5.5 Energy estimates for curvature
For one Bianchi pair,

VWi +d We =W,  V,W;—dW; =I-W.
Multiplying by 2W; and 2Wj, respectively, gives

V3lWil? + Vi Wal* = —2(d "Wy, W) + 2(dW;, W)

+I'-W.-W.
The angular terms cancel by formal adjointness:
2(dW 1, Wa) — 2(W1, 4" Ws) = div(W; - Wy).

Thus
V3|Wil? + V| Wa|? = div(W, - W) +T- W - W.

Integrating over D, ,,, the left-hand side gives the curvature fluxes on C,, and C,,, the initial sides give
Rinit, and -

/S Aiv(W, - W) = 0.

ul u!
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Hence
R(u,u)® < Ry + / Ty W2,

w,u

For the usual error terms, using O < M,

/ IT| W2 < M/ W |2
Du,g Du,u
< MeR(u,u)?.

The factor € comes from integrating the flux control in the short u-direction.

The a-terms are exceptional, because « is controlled on the outgoing null hypersurfaces. These terms
are controlled by the favorable short-direction equation for the Ricci coefficient coupled to a2, and the
remaining contribution is handled by Gronwall. Thus the curvature estimate has the schematic form

init

R(u,u)* < ORZ; + CMeR(u,u)? + C(Z)/ R(u',uw)? du.
0

IfCMe< %, the second term on the right is absorbed. Gronwall then gives
R(U,Q) S AQ(I)7

where A5 (Z) is independent of M.
Substituting this curvature bound into the Ricci coeflicient estimate gives

O(u,u) < C(T) + CeM?.
If eM? < 1, then
O(U,Q) S AI(I)a

where A;(Z) is independent of M.
Set
A(T) .= A1(T) + A2(T).

Then, under the bootstrap assumption and the smallness conditions

CMe < eM? <1,

N |

we have the a priori estimate
O(u,u) + R(u,u) < A(Z),

and A(Z) is independent of M.

5.6 Continuation and closure

We now explain the bootstrap closure using only the schematic estimates needed for the argument.
Assume that on D, one has the bootstrap bound

O(u,u) + R(u,u) < M.
The estimates derived from the null structure and Bianchi equations have the schematic form
O(u,u) $7 Onig + €/ M + eM?,

and
R(u,u)? <z RE,, + M3e.

init
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Here <7 means that the implicit constant depends only on the size of the initial data. The second
estimate is written for R?, so the initial term is naturally R2;,.
Let Cz be a constant depending only on Z such that

O(u,u) < Cz (Oinit + 2 M + 6M2) ,

and
R(u,u)?* < Of ('R-2 + M?’e) )

init

Choose M first, depending only on the data, so large that

1 1
CrOumit < —M OrR2.. < — M2
e T L7 %init = g4

Then choose € = ¢(Z) > 0 so small that
Cret/?M < iM7 CreM? < iM,
16 16
and , L
CrM°e < 6—4M .

Since M has already been fixed in terms of Z, these smallness conditions determine an € depending only
on 7.
With these choices,

3
@ < =M
(u,u) < TR
and . X
R(u,u)? < 33M27 hence R(u,u) < ZM,
Therefore .
Ou,w) + R(u,u) < S M.

This strictly improves the bootstrap assumption.
Now define the continuation set

Uy = {g* € [0, 1] : the solution exists on D, _,

O(u,u) + R(u,u) < M for all 0 < u <, Ogggg*}.

Rendall’s theorem gives a smooth solution near Sy o, so Ups # 0. Since the solution is smooth, the norms
O and R are continuous in (u,u), so Uy is closed in [0, I]. The openness step uses local characteristic
existence restarted from the last sphere. Let u, € Uy;. The a priori estimates give the strict improvement

1
O+R< §M on D, -

Consider the sphere Sp . . To extend the solution beyond w,, use as characteristic data the prescribed
initial data on Cy(u,,u, + ¢), together with the induced data on the already constructed incoming
hypersurface C,, (0,¢). These data satisfy the constraint equations because they either come from the
original initial data or from the already constructed solution. The strict estimate above gives uniform
control of their size. Therefore the local characteristic existence theorem gives a solution in a small
neighborhood to the future of Sp . . Choosing 6 > 0 sufficiently small and using the continuity of the
norms, the extended solution still satisfies

O+R<M
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on D, +s. Hence

U, + 6 S UM7
so Ups is open. Hence
Un = [0,1].
Thus the solution exists on the whole slab
0 <u<eT), 0<u<lI,

and satisfies
O(u, u) + R(u,u) < M,

where M = M(Z).

In short,
IT<o00o=—C7t

— M = M(Z)
= e=¢€(M,ZI) =¢(2)
Rendall = Uy # 0

1
a priori estimates = O + R < §M

continuity = Uy = [0, I].

6 Null decomposition formula sheet

L':=-2g7 (du), L':=-2g""(du),
g(L',L') = —2072

eq = QL es = QL

g(eb’a 64) = 727 g(6A7eB) = gAB’ g(@g, 6A) = g(€4, €A) =0.

L :=Qey = 2L, L= Qe = 0L,
Lu =0, Lu=1, Lu=1, Lu =0,

DV := (L,V)", DV :=(L,0)",
V.= (V0" ViU = (V. ¥)".

6.1 Conventions
R(X,Y)Z := VxVyZ - VyVxZ - Vixy Z.
Rm(W,Z, X,Y) = g(W,R(X,Y)Z).

Rm,s.5 := Rm(e,, €3, €, €5).
dive ==V, alile = ¢ PV, (9a = ¢, 6

(0,0") == ¢ ¢"P 000, 10)% := (6,0).
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(0 x 0V ap:=0405 — ONO :=¢*P0,0.

(Y&E) ap = Valp + Vpéa — (AvE)g , o,
~ 1
In the structure and Bianchi equations below, we assume vacuum:

Ric =0, Rm=W.

6.2 Ricci coefficients

xaB :=8(Vaes,ep),

1
naA = ig(V3€47€A)7 Ny = ig(V4e3,6A),

n=C+dlogQ, Qz—(+dlogﬂ.

1 1
w = —Zg(v4e3,e4), W= —Zg(v3e4’63)7

DlogQ = —2Quw, DlogQ = —2Qw.

Vaes =xa"ep — Caeu, Vaes = XABeB +Caes,
1 1
Vaep = Vaep + JXABEs T 5X ,pC4,
Vieqs = —2wey, V3e3 = —2wes,

Vye3 = 2wes + 23#, Vsey = 2wey + 217,

1 L
Vies = —(Caeq, Vies = Caes,

1
ig(VA€3,64) = —(a-

6.3 Weyl components
aap = Waupa, asp = Wasps,

1
Pa=5Wasss, B, = 5Wasu,

1
p = ~Wsyzy, o= ZﬁABWABM.

W a434 = 2034, Wiassa =28 ,, Wiy34 = 4p, Wapss =20 ¢,

Wasps =—pg,p —0fap
.= {X?X7U7Q7Cawvg}7 W = {a757p507évg}-
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6.4 Double-null identities
n=C+dlogQ,  n=-(+dlogQ,

1 1
<:§(nfﬂ), dlogﬁzi(ﬂJf’?)-

DlogQ = —2Quw, DlogQ = —2Qw,
DQ = —20%w, DO = —20%w.
lea, €3] = 2(n — n)# + 2wes — 2wey.

L:auv L:ag+bAaA7
[L,L] = —(0,b™)0a,  0ub™ = 4Q°¢C*.

DJf =dDf,  DAf={Df.

D(Df) = D(Df) = —4Q%¢"V 4 /.

6.5 Null structure equations
Dg = 2Qyx, Dg¢ = 2Qx,
D(dpg) = Qtrx duyg, D(dpy) = Qtrx dpg.

Dy = —20w x + Qx x x — Qa,
Dy = —2Qw x + Qx x x — Qa.

Q

Dtry = —5(trx)2 — Qx| - 2Qwtry,
Q

Dtry = —E(trx)2 — QIR|? — 20w try.

Dx = —Qtrx)x — 2Qw ¥ — Qa,
Dx = —Qtry)x —2Qwx — Q

[><>
5

D(Qx)ap = (VA??B + Y Bna + 2nans

+ (XACXCB +x, xen) + pgAB)’
D(Qx)ap = (Yan, +Von, + 21,0,
0+ 1,Cx08) 1)
D(Qtry) = Q2 (2divy + 2[n> + (x, ) + 2p) ,
D(Qtry) = Q2 (2divy + 2[n|* + (x, x) + 2p) -
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(D¢)a = 2(A(Qw)) 4 + Uxa®np — QBa,
(DO)a = —2(d(Qw))a — Qx , "0, — Q8.

(Dn)a — Qxa”np = —QBa,
B _
(Dn)a—Qx,"n, =98,

—4(d(Qw))a — Qxa"np + QBa,
—4(d(w))a — Ox "0, — Q8.

(Dn)a
(Dn)a

Q

Dw = 20w* — = (2(n,1) — [n]* = p)
QO

Dw = 20w — 5 (2(n,0) — | ~ p) -

1
Dw = <2ww— (n,n) + §|77|2 -

Du = <2ww— (n,m) + 31nl* = 3o

(divx)a — (dtrx)a + xa”Cs — (trx)Ca = —Ba,
(divx)a — (dtrx)a — x , "¢ + (trx)¢a = B .

1
cfrl¢ = o — §X/\X’

1 1
cdrlnza—ix/\x, C‘fﬂQ:—U‘*‘iX/\X

6.6 Bianchi equations
VoW, = 0.

e = (v, olrls),  di(f,9) = —df +"dg.
(o) s =Y 0ap, (36 ap = —% (VA&B +Vgéa — (d,ivf)gAB) :

Vsa+dof=T-W, ViB —dpa=T-W,
Vsf — d;(_Pa o) =0-W, Vy-p,0)+dif=T W,
Y.B+di(p,0) =T W, Vslpo)—dhf=T-W,
Yia+df=T-W, Y38 —dya =T - W.
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